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Abstract
Two binary (integral type) Darboux transformations for the KdV hierarchy with
self-consistent sources are proposed. In contrast with the Darboux transformation
for the KdV hierarchy, one of the two binary Darboux transformations provides non
auto-Ba¨cklund transformation between two n-th KdV equations with self-consistent
sources with different degrees. The formula for the m-times repeated binary Darboux
transformations are presented. This enables us to construct the N-soliton solution for
the KdV hierarchy with self-consistent sources.
Keywords: binary Darboux transformation, KdV hierarchy with self-consistent sources,
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1 Introduction
The soliton equations with self-consistent sources have important physical applications
(see [1]-[11]), for example, the KdV equation with self-consistent source describes the in-
teraction of long and short capillary-gravity waves [5]. There are some ways to derive the
integrable nonlinear evolution equations with self-consistent sources [1, 2, 3, 12, 13]. In re-
cent years soliton equations with self-consistent sources (SESCS) were studied based on the
constrained flows of soliton equations which are just the stationary equations of SESCSs [14]-
[19]. Since the Lax representations for the constrained flows of soliton equations can always
be deduced from the adjoint representations of the Lax representations for soliton equations,
this approach provides a simple and natural way to derive both the SESCSs and their Lax
1
representations [15, 16, 17]. The SESCS is an infinite-dimensional integrable Hamiltonian
system possessing t−type Hamiltonian or bi-Hamiltonian formulation [20] and can be solved
by the inverse scattering method [1, 2, 3, 21, 22, 23].
The Darboux transformation is a power tool for solving soliton equations (see [24] for a
review). The Darboux transformation for KdV hierarchy was widely studied (see, for exam-
ple, [24]-[27]). In the present paper we will generalize these results to the KdV hierarchy with
self-consistent sources. We construct one Darboux transformation and two binary (integral
type) Darboux transformations for the KdV hierarchy with self-consistent sources. The Dar-
boux transformations usually present auto-Ba¨cklund transformations for soliton equations.
In contrast with the case of soliton equations, one binary Darboux transformation in our
case is proved to be a non auto-Ba¨cklund transformation between two n-th KdV equations
with self-consistent sources with different degrees. This provides an interesting example for
constructing non auto-Ba¨cklund transformations by means of Darboux transformations. Fur-
thermore we present the formula for the m-times repeated binary Darboux transformations
and construct the N-soliton solution for the KdV hierarchy with self-consistent sources.
The paper is organized as follows. In the next section we recall the KdV hierarchy
with self-consistent sources and briefly describe how to derive their Lax representation from
the adjoint representation of the Lax representation for the KdV hierarchy. In section 3,
we briefly review Darboux transformations for the KdV hierarchy and present two binary
Darboux transformations. Based on these results, in section 4, we propose one Darboux
transformation and two binary Darboux transformations for the KdV hierarchy with self-
consistent sources and show that the first binary Darboux transformation gives the auto-
Ba¨cklund transformation for the KdV hierarchy with self-consistent sources, and the second
binary Darboux transformation leads to a non auto-Ba¨cklund transformation relating two
n-th KdV equations with self-consistent sources with different degrees. Finally in the last
section we present the m-times repeated binary Darboux transformations and construct the
N-soliton solution for the n-th KdV equation with self-consistent sources.
2 The KdV hierarchy with self-consistent sources
To make the paper self-contained, we first recall the high-order constrained flows of
the KdV hierarchy and briefly describe how to derive the Lax representation for the KdV
hierarchy with self-consistent sources.
Consider the Schro¨dinger equation
φxx + (λ+ u)φ = 0. (2.1)
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In order to derive the Lax representation for the KdV hierarchy with self-consistent sources,
we rewrite the equation (2.1) in the matrix form(
φ
φx
)
x
= U
(
φ
φx
)
, U =
(
0 1
−λ− u 0
)
. (2.2)
The adjoint representation of (2.2) reads [28]
Vx = [U, V ] ≡ UV − V U. (2.3)
Set
V =
∞∑
i=0
(
ai bi
ci −ai
)
λ−i. (2.4)
Eq. (2.3) yields
a0 = b0 = 0, c0 = −1, a1 = 0, b1 = 1, c1 = −1
2
u,
a2 =
1
4
ux, b2 = −1
2
u, c2 =
1
8
(uxx + u
2), ...,
and in general for k = 1, 2, ...,
ak = −1
2
bk,x, bk+1 = Lbk = −1
2
Lk−1u, ck = −1
2
bk,xx − bk+1 − bku, (2.5)
where
L = −1
4
∂2 − u+ 1
2
∂−1ux, ∂ =
∂
∂x
, ∂∂−1 = ∂−1∂ = 1.
Set
V (n) =
n+1∑
i=0
(
ai bi
ci −ai
)
λn+1−i +
(
0 0
bn+2 0
)
, (2.6)
and take (
φ
φx
)
tn
= V (n)(u, λ)
(
φ
φx
)
, (2.7)
or equivalently
φtn = A
(n)(u, λ)φ, A(n)(u, λ) ≡
n+1∑
i=0
(ai + bi∂)λ
n+1−i. (2.8)
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Then the compatibility condition of Eqs (2.1) and (2.8) or (2.2) and (2.7) gives rise to the
KdV hierarchy
utn = Kn[u] ≡ ∂
δHn
δu
≡ −2bn+2,x, n = 0, 1, · · · , (2.9)
where Hn =
4bn+3
2n+3
. We have
δλ
δu
= φ2, Lφ2 = λφ2. (2.10)
The high-order constrained flows of the KdV hierarchy consist of the equations obtained
from the spectral problem (2.1) for N distinct λj and the restriction of the variational
derivatives for the conserved quantities Hn and λj [29]
D
[
δHn
δu
− 2α
N∑
j=1
δλj
δu
]
≡ D
[
−2bn+2 − 2α
N∑
j=1
φj
2
]
= 0, (2.11a)
φj,xx + (λj + u)φj = 0, j = 1, · · · , N, (2.11b)
where n = 0, 1, · · · . According to Eqs (2.5), (2.10) and (2.11), we may define
a˜i = ai, b˜i = bi, c˜i = ci, i = 0, 1, ..., n+ 1,
b˜n+2+i = −α
N∑
j=1
λijφ
2
j , a˜n+2+i = −
1
2
b˜n+2+i,x = α
N∑
j=1
λijφjφj,x, i = 0, 1, 2, ...,
c˜n+2+i = −1
2
b˜n+2+i,xx − b˜n+3+i − b˜n+2+iu = α
N∑
j=1
λijφ
2
j,x.
Then the construction of a˜i, b˜i, c˜i ensures that
N (n) = λn+1
∞∑
k=0
(
a˜k b˜k
c˜k −a˜k
)
λ−k +
(
η 0
0 η
)
=
n+1∑
k=0
(
ak bk
ck −ak
)
λn+1−k +
(
η 0
0 η
)
+ α
N∑
j=1
1
λ− λj
(
φjφj,x −φj2
φ2j,x −φjφj,x
)
,
where η is a constant, also satisfies the adjoint representation (2.3), i.e.
N (n)x = [U,N
(n)], (2.12)
which gives rise to the Lax representation of the constrained flow (2.11).
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The KdV hierarchy with self-consistent sources is given by[16, 17]
utn = D
[
δHn
δu
− 2α
N∑
j=1
δλj
δu
]
≡ D
[
−2bn+2 − 2α
N∑
j=1
φj
2
]
, (2.13a)
φj,xx + (λj + u)φj = 0, j = 1, · · · , N. (2.13b)
Since the high-order constrained flows (2.11) are just the stationary equations of the KdV
hierarchy with self-consistent sources (2.13), it is obvious that the zero-curvature represen-
tation for the KdV hierarchy with self-consistent sources (2.13) is given by
Utn −N (n)x + [U,N (n)] = 0, (2.14)
with the auxiliary linear problems(
ψ
ψx
)
x
= U
(
ψ
ψx
)
,
(
ψ
ψx
)
tn
= N (n)
(
ψ
ψx
)
, (2.15)
or equivalently
ψxx + (λ+ u)ψ = 0, (2.16a)
ψtn = A
(n)ψ + ηψ + α
N∑
j=1
1
λ− λj φj(φj,xψ − φjψx). (2.16b)
Let assume that all products φjψ decay at x = −∞ and that ∂−1 =
∫ x
−∞
·dx. It is easy to
find from (2.13b) and (2.16a) that
1
λ− λj (φj,xψ − φjψx) = ∂
−1φjψ. (2.17)
Let denote
BN = α
N∑
j=1
φj∂
−1φj.
Then equation (2.16b) can be rewritten as
ψtn = Q
(n,N)ψ ≡ A(n)ψ + ηψ +BNψ. (2.18)
When n = 1, the equation (2.13) gives the KdV equation with self-consistent sources
ut1 = −
1
4
(6uux + uxxx)− 2αD
N∑
j=1
φj
2, (2.19a)
5
φj,xx + (λj + u)φj = 0, j = 1, · · · , N, (2.19b)
and the auxiliary linear problem reads
ψxx + (λ+ u)ψ = 0, (2.20a)
ψt1 = (
1
4
ux + η)ψ + (λ− 1
2
u)ψx + α
N∑
j=1
Bjψ. (2.20b)
3 The Darboux transformation for the KdV hierarchy
In this section we recall the Darboux transformation for the KdV hierarchy (see [24] for
a review, [25, 26, 27]).
(1) The Darboux transformation for the KdV hierarchy.
Assume that u be the solution of the n-th KdV equation (2.9) and denote the fixed
solution of (2.1) and (2.8) with λ = ξ by f = f(x, t, ξ). The Darboux transformation (DT)
is defined by
φ˜ = φx − fx
f
φ, (3.1a)
u˜ = u+ 2∂2lnf. (3.1b)
It is known that the Schro¨dinger equation (2.1) and (2.8) are covariant with respect to the
action of the Darboux transformation (3.1), namely φ˜, u˜ satisfy
φ˜xx + (λ+ u˜)φ˜ = 0, (3.2)
φ˜tn = A˜
(n)φ˜ ≡ A(n)(u˜, λ)φ˜, (3.3)
and u˜ satisfies the n-th KdV equation (2.9). Eqs. (2.8), (3.1) and (3.3) imply that
φ˜tn = [φx −
fx
f
φ]tn = (A
(n)φ)x − (A
(n)f
f
)xφ− fx
f
A(n)φ = A˜(n)φ˜. (3.4)
So the covariance of (2.1) and (2.8) with respect to the action of DT (3.1) leads to the
following lemma.
Lemma 3.1 If u is the solution of the n-th KdV equation (2.9 and f is a solution of (2.1)
and (2.8) with λ = ξ and the Darboux transformation is given by (3.1), then the formula
(3.4) holds.
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We now construct the binary Darboux transformation.
(2) The first binary Darboux transformation.
Also, it is known that the linearly independent solution of (2.1) and (2.8) with λ = ξ is
given by the Liouville formula
g = f∂−1
1
f 2
. (3.5)
The DT (3.1) implies that
g˜ = gx − fx
f
g =
1
f
(3.6)
is one of solutions of (3.2) and (3.3) with λ = ξ and u˜ given by (3.1b). The linearly
independent solution g˜1 of (3.2) and (3.3) with λ = ξ is once more given by the Liouville
formula
g˜1 = g˜∂
−1 1
g˜2
=
1
f
∂−1f 2. (3.7)
By using f and g˜1, performing two-times repeated DT of (3.1) (notice that the right side
of (3.1a) can be added a constant factor) and using (2.17) give rise to the binary Darboux
transformation
φ¯ = 1
ξ−λ
[φ˜x − g˜1xg˜1 φ˜]
= 1
ξ−λ
[ξφ− λφ+ f
∂−1f2
(fxφ− fφx)] = φ− f∂−1f2∂−1(fφ), (3.8a)
u¯ = u˜+ 2∂2lng˜1 = u+ 2∂
2ln(∂−1f 2). (3.8b)
Obviously, the equation (2.1) and (2.8) are covariant with respect to the action of the binary
DT (3.8), namely φ¯, u¯ satisfy
φ¯xx + (λ+ u¯)φ¯ = 0, (3.9)
φ¯tn = A¯
(n)φ¯ ≡ A(n)(u¯, λ)φ¯, (3.10)
and this u¯ satisfies the n-th KdV equation (2.9). It is found from (3.8), (2.8) and (3.10) that
φ¯tn = A¯
(n)φ¯ = [φ− f
∂−1f2
∂−1(fφ)]tn
= A(n)φ− 1
∂−1f2
{[A(n)f − 2f
∂−1f2
∂−1(fA(n)f)]∂−1(fφ) + f∂−1[fA(n)φ+ φA(n)f ]}.(3.11)
So the covariance of (2.1) and (2.8) with respect to the action of binary DT (3.8) leads to
the following lemma.
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Lemma 3.2 If u is the solution of the n-th KdV equation (2.9 and f is a solution of (2.1)
and (2.8) with λ = ξ and the binary DT is given by (3.8), then the formula (3.11) holds.
(3) The second binary Darboux transformation.
Also the combination of g˜ and g˜1 gives a solution of (3.2) and (3.3) with λ = ξ
g˜2 = g˜ + g˜1 =
1
f
(1 + ∂−1f 2). (3.12)
By using f and g˜2, performing two-times repeated DT (3.1) leads to second binary Darboux
transformation
φ¯ = 1
ξ−λ
[φ˜x − g˜2xg˜2 φ˜]
= 1
ξ−λ
[ξφ− λφ+ f
1+∂−1f2
(fxφ− fφx)] = φ− f1+∂−1f2∂−1(fφ), (3.13a)
u¯ = u˜+ 2∂2lng˜2 = u+ 2∂
2ln(1 + ∂−1f 2). (3.13b)
Also the equation (2.1) and (2.8) are covariant with respect to the action of the binary DT
(3.13), namely φ¯, u¯ satisfy (3.9) and (3.10), u¯ satisfies the n-th KdV equation (2.9). Similarly,
the covariance of (2.1) and (2.8) with respect to the action of binary DT (3.13) leads to the
following lemma.
Lemma 3.3 If u is a solution of the n-th KdV equation (2.9 and f is a solution of (2.1)
and (2.8) with λ = ξ and the binary DT is given by (3.13), then the following formula holds
φ¯tn = A¯
(n)φ¯ = [φ− f
1+∂−1f2
∂−1(fφ)]tn
= A(n)φ− 1
1+∂−1f2
{[A(n)f − 2f
1+∂−1f2
∂−1(fA(n)f)]∂−1(fφ) + f∂−1[fA(n)φ+ φA(n)f ]}.
(3.14)
4 The Darboux transformation for the KdV hierarchy
with self-consistent sources
Based on the Darboux transformation for the KdV hierarchy, we now construct Dar-
boux transformation and two binary Darboux transformations for the KdV hierarchy with
self-consistent sources. The first binary Darboux transformation is an auto-Ba¨cklund trans-
formation for the n-th KdV equation with self-consistent sources (2.13). The second one
is a Ba¨cklund transformation relating two n-th KdV equations with self-consistent sources
(2.13) with degree N and N + 1, respectively.
(1) Darboux transformation for the KdV hierarchy with sources.
8
Theorem 4.1 Assume that u, φ1, ..., φN be the solution of the n-th KdV equation with self-
consistent sources (2.13) and f1 satisfies (2.16a) and (2.18) with λ = ξ1, then the Darboux
transformation is defined by
ψ¯ = ψx − f1,x
f1
ψ, (4.1a)
u¯ = u+ 2∂2lnf1, (4.1b)
φ¯j =
1√
λj − ξ1
[φj,x − f1,x
f1
φj], j = 1, ..., N, (4.1c)
the Lax representation (2.16a) and (2.18) are covariant with respect to the Darboux trans-
formation (4.1). Namely u¯, ψ¯, φ¯j, j = 1, ..., N, satisfy
ψ¯xx + (λ+ u¯)ψ¯ = 0, (4.2)
ψ¯tn = Q¯
(n,N)ψ¯ = A¯(n)ψ¯ + ηψ¯ + B¯N ψ¯ ≡ A(n)(u¯, λ)ψ¯ + ηψ¯ + α
N∑
j=1
φ¯j∂
−1(φ¯jψ¯), (4.3)
and u¯, φ¯1, · · · , φ¯N satisfy the n-th KdV equation with self-consistent sources (2.13)
u¯tn = D
[
−2b¯n+2 − 2α
N∑
j=1
φ¯2j
]
, (4.4a)
φ¯j,xx + (λj + u¯)φ¯j = 0, j = 1, · · · , N. (4.4b)
Proof Based on the results in the previous section, it is obvious that (4.2) and (4.4b)
hold. In order to prove the (4.3) we need to show the following equality
ψ˜tn = [ψx −
f1,x
f1
ψ]tn = (Q
(n,N)ψ)x − (Q
(n,N)f1
f1
)xψ − f1,x
f1
Q(n,N)ψ = Q˜(n,N)ψ˜. (4.5)
The Lemma 3.1 implies that equality (3.4) with φ replaced by ψ holds. So we only need to
check the terms containing φ1, ..., φN in the equality (4.5), i.e., to show the following equality
(BNψ)x − (BNf1f1 )xψ −
f1,x
f1
BNψ = B¯N ψ¯. (4.6)
Using (4.1) and (2.17), we have
B¯N ψ¯ = α
∑N
j=1 φ¯j∂
−1[ 1√
λj−ξ1
(φj,x − f1,xf1 φj)(ψx −
f1,x
f1
ψ)]
= α
∑N
j=1
1√
λj−ξ1
φ¯j[φj,xψ − ∂−1(φj,xxψ)− f1,xf1 φjψ + ∂−1(
f1,xx
f1
φjψ)]
= α
∑N
j=1
1√
λj−ξ1
φ¯j[φj,xψ − f1,xf1 φjψ + (λj − ξ1)∂−1(φjψ)], (4.7)
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and
the left terms in (4.6) = α
∑N
j=1[φj,x∂
−1(φjψ)− 1f1ψφj,x∂−1(f1φj) +
f1,x
f2
1
ψφj∂
−1(f1φj)
−f1,x
f1
φj∂
−1(φjψ)] = α
∑N
j=1
√
λj − ξ1φ¯j[∂−1(φjψ)− 1f1ψ∂−1(f1φj)]
= α
∑N
j=1
√
λj − ξ1φ¯j[∂−1(φjψ) + 1f1(λj−ξ1)ψ(f1φj,x − f1,xφj)]. (4.8)
Comparing (4.7) with (4.8), it is immediately found that equality (4.6) holds. The equation
(4.2) and (4.3) lead to (4.4a). This completes the proof.
(2) The first binary Darboux transformation for the KdV hierarchy with sources.
Theorem 4.2 Assume that u, φ1, ..., φN be the solution of the n-th KdV equation with self-
consistent sources (2.13) and f1 satisfies (2.16a) and (2.18) with λ = ξ1, then the first binary
Darboux transformation is defined by
ψ¯ = ψ − f1
∂−1f 21
∂−1(f1ψ), (4.9a)
u¯ = u+ 2∂2ln(∂−1f 21 ), (4.9b)
φ¯j = φj − f1
∂−1f 21
∂−1(f1φj), j = 1, ..., N, (4.9c)
the Lax representation (2.16a) and (2.18) are covariant with respect to the binary Darboux
transformation (4.9). Namely u¯, ψ¯, φ¯j, j = 1, ..., N, satisfy (4.2), (4.3) and the n-th KdV
equation with self-consistent sources (4.4).
Proof It is obvious that (4.2) and (4.4b) hold. Similarly, in order to prove the (4.3) we
need to show the equality (3.11) with φ,A(n) replaced by ψ,Q(n,N). In fact, using Lemma
3.2, we only need to check the terms containing φ1, ..., φN in the equality, i.e., to show the
following equality
BNψ − 1∂−1f2
1
[BNf1 − 2 1∂−1f2
1
f1∂
−1(f1BNf1)]∂
−1(f1ψ)
− f1
∂−1f2
1
∂−1[f1BNψ + ψBNf1] = B¯N ψ¯. (4.10)
Notice that
∂−1[
f2
1
(∂−1f2
1
)2
(∂−1(f1φj))(∂
−1(f1ψ))] = − 1∂−1f2
1
(∂−1(f1φj))(∂
−1(f1ψ))
+∂−1[
f1φj
∂−1f2
1
∂−1(f1ψ) +
f1ψ
∂−1f2
1
∂−1(f1φj)]. (4.11)
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Using (4.9) and (4.11), we have
B¯N ψ¯ = α
∑N
j=1 φ¯j∂
−1(φ¯jψ¯)
= α
∑N
j=1 φ¯j∂
−1[(φj − f1∂−1f2
1
∂−1(f1φj))(ψ − f1∂−1f2
1
∂−1(f1ψ))]
= α
∑N
j=1 φ¯j[∂
−1(φjψ)− 1∂−1f2
1
(∂−1(f1φj))(∂
−1(f1ψ))], (4.12)
and
the left terms in (4.10) = α
∑N
j=1{φj∂−1(φjψ)− 1∂−1f2
1
[φj(∂
−1(f1φj))(∂
−1(f1ψ))
−2 f1
∂−1f2
1
∂−1(f1φj∂
−1(f1φj))(∂
−1(f1ψ)) + f1∂
−1(f1φj∂
−1(φjψ)) + f1∂
−1(φjψ∂
−1(φjf1))]}
= α
∑N
j=1[φj∂
−1(φjψ)− φj∂−1f2
1
(∂−1(f1φj))(∂
−1(f1ψ))
+ f1
(∂−1f2
1
)2
(∂−1(f1φj))
2(∂−1(f1ψ))− f1∂−1f2
1
(∂−1(f1φj))(∂
−1(φjψ))]. (4.13)
By substituting (4.9c) into (4.12) and comparing it with (4.13), it is immediately found that
equality (4.10) holds. The equation (4.2) and (4.3) lead to (4.4a). This completes the proof.
(3) The second binary Darboux transformation for the KdV hierarchy with sources.
Theorem 4.3 Assume that u, φ1, ..., φN be the solution of the n-th KdV equation with self-
consistent sources (2.13), f1 ≡ φN+1 satisfies (2.16a) and (2.18) with λ = λN+1 and η =
−1
2
α, then the second binary Darboux transformation is defined by
ψ¯ = ψ − f1
1 + ∂−1f 21
∂−1(f1ψ) = ψ − φ¯N+1∂−1(f1ψ), (4.14a)
u¯ = u+ 2∂2ln(1 + ∂−1f 21 ), (4.14b)
φ¯j = φj − f1
1 + ∂−1f 21
∂−1(f1φj) = φj − φ¯N+1∂−1(f1φj), j = 1, ..., N, (4.14c)
where
φ¯N+1 =
f1
1 + ∂−1f 21
, f1 = φN+1, (4.14d)
and the binary Darboux transformation (4.14) transforms the Lax representation (2.16a) and
(2.18) with η = −1
2
α into the following Lax representation
ψ¯xx + (λ+ u¯)ψ¯ = 0, (4.15)
ψ¯tn = Q¯
(n,N+1)ψ¯ = A¯(n)ψ¯ − 1
2
αψ¯ + B¯N+1ψ¯ ≡ A(n)(u¯, λ)ψ¯ − 1
2
αψ¯ + α
N+1∑
j=1
φ¯j∂
−1(φ¯jψ¯),
(4.16)
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and u¯, φ¯1, · · · , φ¯N+1 satisfies the n-th KdV equation with self-consistent sources (2.13) with
degree N + 1
u¯tn = D
[
−2b¯n+2 − 2α
N+1∑
j=1
φ¯2j
]
, (4.17a)
φ¯j,xx + (λj + u¯)φ¯j = 0, j = 1, · · · , N + 1. (4.17b)
Proof It is easy to see that (4.14c) holds for j = N +1. So, based on the results in previous
section, it is obvious that (4.15) and (4.17b) hold. Similarly, in order to prove (4.16), by
using Lemma 3.3 one only needs to check the terms containing φ1, ..., φN , φ¯N+1 in the equality
(3.14) with φ,A(n) replaced by ψ,Q(n,N), i.e., to show the following equality
BNψ − 11+∂−1f2
1
[BNf1 − 12αφ¯N+1(1− ∂−1f 21 )− 2φ¯N+1∂−1(f1BNf1)]∂−1(f1ψ)
−φ¯N+1∂−1[ψBNf1 − 12αf1ψ + f1BNψ] = B¯N+1ψ¯. (4.18)
Notice that
∂−1(φ¯N+1ψ¯) = ∂
−1[
f1
1 + ∂−1f 21
ψ − ( f1
1 + ∂−1f 21
)2∂−1(f1ψ)] =
1
1 + ∂−1f 21
∂−1(f1ψ). (4.19)
By means of (4.11) and (4.12) with ∂−1f 21 replaced by (1 + ∂
−1f 21 ) one gets
B¯N+1ψ¯ = α
∑N+1
j=1 φ¯j∂
−1(φ¯jψ¯)
= α
∑N
j=1 φ¯j[∂
−1(φjψ)− 11+∂−1f2
1
(∂−1(f1φj))∂
−1(f1ψ)] +
αφ¯N+1
1+∂−1f2
1
∂−1(f1ψ). (4.20)
Using (4.13) with ∂−1f 21 replaced by (1 + ∂
−1f 21 ) it is found
the left terms in (4.18) = α
∑N
j=1{φj∂−1(φjψ)− 11+∂−1f2
1
[φj(∂
−1(f1φj))∂
−1(f1ψ)
−φ¯N+1(∂−1(f1φj))2∂−1(f1ψ)]− φ¯N+1(∂−1(f1φj))∂−1(φjψ)}+ αφ¯N+11+∂−1f2
1
∂−1(f1ψ). (4.21)
By substituting (4.14c) into (4.20) and comparing it with (4.21), it is easy to see that equality
(4.18) holds. The equations (4.15) and (4.16) yield (4.17). This completes the proof.
Remark The binary Darboux transformation defined by (4.14) is a non auto-Ba¨cklund
transformation relating the two n-th KdV equations with self-consistent sources (2.13) and
(4.17). This Darboux transformation can be used to construct the soliton solution for (2.13).
For example, in order to find one soliton solution for the KdV equation with self-consistent
sources (2.19) with N = 1, we start from the solution u = 0 for the KdV equation with self-
consistent sources (2.19) with N = 0. The solution for (2.20) with N = 0, u = 0, λ =
−k2, k > 0, η = −1
2
α reads
φ1 = ce
kx−k3t− 1
2
αt.
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Then one finds from (4.14) that
u¯ = 2k2sech2(kx− k3t− 1
2
αt+ x0),
φ1 =
1
2
√
2ksech(kx− k3t− 1
2
αt+ x0),
which is the one soliton solution for the KdV equation with self-consistent sources (2.19)
with N = 1.
5 The m-times repeated binary Darboux transforma-
tion for the KdV hierarchy with self-consistent sources
It is evident that the Darboux transformation can be applied to (4.2), (4.3) and (4.15),
(4.16) once more to produce some new solutions for the KdV hierarchy with self-consistent
sources.
(1) The m-times repeated second binary Darboux transformation.
Assume that f1, ..., fm be solution of (2.16a) and (2.18) with λ = λN+1, ..., λN+m, respec-
tively. We use u[i], ψ[i], fj[i], φj [i] to denote the action of i-times repeated binary Darboux
transformation of (4.14) on the initial solution u, ψ, fj, φj. We have
fj[i]xx + (λj + u[i])fj [i] = 0, (5.1)
fj,tn[i] = Q
(n,N+i)[i]fj [i]. (5.2)
We define two integral types of the Wronskian determinant of k functions g1, ..., gk in a
similar way as in [27] by
W1(g1, ..., gk) = detF, W2(g1, ..., gk) = detG,
where
Fij = δij + ∂
−1(gigj), i, j = 1, ..., k,
Gij = δij + ∂
−1(gigj), i = 1, ..., k − 1, j = 1, ..., k, Gkj = gj, j = 1, ..., k.
Lemma 5.1 For arbitrary integers l, k(1 ≤ l ≤ m− 1, 1 ≤ k ≤ m− l), we have
W1(fl+1[l], ..., fl+k[l]) =
W1(fl[l − 1], fl+1[l − 1], ..., fl+k[l − 1])
1 + ∂−1f 2l [l − 1]
, (5.3)
W2(fl+1[l], ..., fl+k[l], ψ[l]) =
W1(fl[l − 1], fl+1[l − 1], ..., fl+k[l − 1], ψ[l − 1])
1 + ∂−1f 2l [l − 1]
. (5.4)
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Proof According to (4.14), we have
fl+j[l] = fl+j[l − 1]− fl[l − 1]
1 + ∂−1f 2l [l − 1]
∂−1(fl[l − 1]fl+j[l − 1]), (5.5)
so using (4.11)
Fij = δij + ∂
−1(fl+i[l]fl+j [l]) = δij + ∂
−1(fl+i[l − 1]fl+j[l − 1])
− 1
1+∂−1f2
l
[l−1]
(∂−1fl+i[l − 1]fl[l − 1])(∂−1fl[l − 1]fl+j[l − 1]) ≡ δij + aij − bai0a0j , (5.6)
where
aij = ∂
−1(fl+i[l − 1]fl+j [l − 1]), b = 1
1 + ∂−1f 2l [l − 1]
.
Then
W1(fl+1[l], ..., fl+k[l]) = det(Fij)
=

1 + a11 − ba10a01 a12 − ba10a02 a13 − ba10a03 · · · a1k − ba10a0k
a21 − ba20a01 1 + a22 − ba20a02 a23 − ba20a03 · · · a2k − ba20a0k
...
...
...
. . .
...
ak1 − bak0a01 ak2 − bak0a02 ak3 − bak0a03 · · · 1 + akk − bak0a0k

=

1 + a11 a12 · · · a1k
a21 1 + a22 · · · a2k
...
...
. . .
...
ak1 ak2 · · · 1 + akk
− ba01

a10 a12 a13 · · · a1k
a20 1 + a22 a23 · · · a2k
...
...
...
. . .
...
ak0 ak2 ak3 · · · 1 + akk

−ba02

1 + a11 a10 a13 · · · a1k
a21 a20 a23 · · · a2k
...
...
...
. . .
...
ak1 ak0 ak3 · · · 1 + akk
− · · ·
−ba0k

1 + a11 a12 · · · a1(k−1) a10
a21 1 + a22 · · · a2(k−1) a20
...
...
. . .
...
...
ak1 ak2 · · · ak(k−1) ak0

=
1
1 + a00

1 + a00 a01 a02 · · · a0k
a10 1 + a11 a12 · · · a1k
...
...
...
. . .
...
ak0 ak1 ak2 · · · 1 + akk
 = W1(fl[l − 1], ..., fl+k[l − 1])1 + ∂−1f 2l [l − 1] .
In the similar way the formula (5.4) can be proved. This completes the proof.
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Theorem 5.1 Assume that u, φ1, · · ·φN is solution of the n-th KdV equation with self-
consistent sources (2.13), f1, ..., fm be solution of (2.16a) and (2.18) with λ = λN+1, ..., λN+m,
respectively, and η = −1
2
α. Then the m-times repeated binary Darboux transformation of
(4.14) is given by
ψ[m] =
W2(f1, ..., fm, ψ)
W1(f1, ..., fm)
, (5.7a)
u[m] = u+ 2∂2lnW1(f1, ..., fm), (5.7b)
φj[m] =
W2(f1, ..., fm, φj)
W1(f1, ..., fm)
, j = 1, · · · , N, (5.7c)
φN+j [m] =
W2(f1, ..., fm, fj)
W1(f1, ..., fm)
=
W2(f1, ..., fj−1, fj+1, ..., fm, fj)
W1(f1, ..., fm)
, j = 1, · · · , m, (5.7d)
and u[m], ψ[m], φ1[m], · · · , φN+m[m] satisfy
ψxx[m] + (λ+ u[m])ψ[m] = 0, (5.8)
ψtn [m] = Q
(n,N+m)[m]ψ[m] = A(n)(u[m], λ)ψ[m]− 1
2
αψ[m] + α
N+m∑
j=1
φj [m]∂
−1(φj[m]ψ[m]),
(5.9)
and
utn[m] = D
[
−2bn+2(u[m])− 2α
N+m∑
j=1
φ2j [m]
]
, (5.10a)
φj,xx[m] + (λj + u[m])φj [m] = 0, j = 1, · · · , N +m. (5.10b)
proof Using (4.14), (5.3) and (5.4), one obtains
ψ[m] = ψ[m− 1]− fm[m−1]
1+∂−1f2m[m−1]
∂−1(fm[m− 1]ψ[m− 1])
= 1
1+∂−1f2m[m−1]
W2(fm[m− 1], ψ[m− 1]) = W2(fm[m−1],ψ[m−1])W1(fm[m−1])
= W2(fm−1[m−2],fm[m−2],ψ[m−2])
1+∂−1f2m−1[m−2]
· 1+∂−1f2m−1[m−2]
W1(fm−1[m−2],fm[m−2])
= · · · = W2(f1,...,fm,ψ)
W1(f1,...,fm)
, (5.11)
u[m] = u[m− 1] + 2∂2ln(1 + ∂−1f 2m[m− 1]) = u[m− 1] + 2∂2lnW1(fm[m− 1])
= u[m− 2] + 2∂2ln(1 + ∂−1f 2m−1[m− 2]) + 2∂2lnW1(fm−1[m−2],fm[m−2])1+∂−1f2m−1[m−2]
= u[m− 2] + 2∂2lnW1(fm−1[m− 2], fm[m− 2]) = · · · = u+ 2∂2lnW1(f1, ..., fm).(5.12)
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Similarly we can prove the (5.7c) and (5.7d). It is easy to find (5.8), (5.9) and (5.10) from
the Proposition 4.3.
The m-times repeated binary Darboux transformation (5.8) provides a Ba¨cklnud trans-
formation relating two n-th KdV equations with self-consistent sources (2.13) with degree
N and N +m, respectively. We now use the N-times repeated binary Darboux transforma-
tion (5.7) to construct the N-soliton solution for the n-th KdV equation with self-consistent
sources (2.13) with λj = −k2j < 0, kj > 0, j = 1, · · · , N. We start from (2.13) with N = 0.
Taking N = 0, u = 0, λ = −k2j , η = −12α, then (2.16a) and (2.18) reduce to
ψxx − k2jψ = 0,
ψtn = (−1)nk2nj ψx −
1
2
αψ,
which solution is given by
fj = e
kjx+(−1)nk
2n+1
j
tn−
1
2
αtn+x0,j , j = 1, · · · , N. (5.13)
Then according to the Proposition 5.1, the N-soliton solution for the n-th KdV equation
with self-consistent sources (2.13) with λj = −k2j < 0, kj > 0, j = 1, · · · , N, is given by
u = 2∂2lnW1(f1, ..., fN), (5.14)
φj =
W2(f1, ..., fN , fj)
W1(f1, ..., fN)
=
W2(f1, ..., fj−1, fj+1, ..., fN , fj)
W1(f1, ..., fN)
, j = 1, · · · , N, (5.15)
where fj is given by (5.13).
(2) The m-times repeated first binary Darboux transformation.
We define
W1(g1, ..., gk) = detF, W2(g1, ..., gk) = detG, (5.16)
where
Fij = ∂
−1(gigj), i, j = 1, ..., k,
Gij = ∂
−1(gigj), i = 1, ..., k − 1, j = 1, ..., k, Gkj = gj , j = 1, ..., k.
In the exactly same way we can prove the following theorem.
Theorem 5.2 Assume that u, φ1, · · ·φN is solution of the n-th KdV equation with self-
consistent sources (2.13), f1, ..., fm be the solutions of (2.16a) and (2.18) with λ = ξ1, ..., ξm,
respectively. Then the m-times repeated binary Darboux transformation of (4.9) is given by
ψ[m] =
W2(f1, ..., fm, ψ)
W1(f1, ..., fm)
, (5.17a)
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u[m] = u+ 2∂2lnW1(f1, ..., fm), (5.17b)
φj[m] =
W2(f1, ..., fm, φj)
W1(f1, ..., fm)
, j = 1, · · · , N, (5.17c)
and u[m], ψ[m], φ1[m], · · · , φN [m] satisfy
ψxx[m] + (λ+ u[m])ψ[m] = 0, (5.18)
ψtn [m] = Q
(n,N)[m]ψ[m], (5.19)
and
utn[m] = D
[
−2bn+2(u[m])− 2α
N∑
j=1
φ2j [m]
]
, (5.20a)
φj,xx[m] + (λj + u[m])φj[m] = 0, j = 1, · · · , N. (5.20b)
(3) The m-times repeated Darboux transformation of (4.1).
We define the Wronskian determinant W by
W1(g1, ..., gk) = detF, Fij =
∂i−1gj
∂xi−1
, i, j = 1, ..., k. (5.21)
In the exactly same way we can prove the following theorem.
Theorem 5.3 Assume that u, φ1, · · ·φN is solution of the n-th KdV equation with self-
consistent sources (2.13), f1, ..., fm be the solutions of (2.16a) and (2.18) with λ = ξ1, ..., ξm,
respectively. Then the m-times repeated Darboux transformation of (4.1) is given by
ψ[m] =
W (f1, ..., fm, ψ)
W (f1, ..., fm)
, (5.22a)
u[m] = u+ 2∂2lnW (f1, ..., fm), (5.22b)
φj[m] =
W (f1, ..., fm, φj)
W (f1, ..., fm)
, j = 1, · · · , N, (5.22c)
and u[m], ψ[m], φ1[m], · · · , φN [m] satisfy (5.18), (5.19) and (5.20).
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